This paper considers Bayesian variable selection in regressions with a large number of possibly highly correlated macroeconomic predictors. I show that by acknowledging the correlation structure in the predictors can improve forecasts over existing popular Bayesian variable selection algorithms.
Introduction
Many empirical problems in economics involve regressions where many predictors (possibly more than the number of available observations) are available, of which only a limited set is relevant for forecasting and policy analysis. An integrated way to deal with such demanding statistical inference is to use Bayesian simulation algorithms to estimate posterior probabilities of importance of each economic predictor based on evidence in the data. These algorithms perform variable selection (i.e. selecting the predictors with probability higher than 0.5) as well as model averaging (i.e. using all available predictors scaled by their respective probability). A popular application of Bayesian variable selection and model averaging is in the problem of identifying determinants of economic growth (Fernandez, Ley and Steel, 2001) . Other studies try to determine which macroeconomic fundamentals help predict exchange rates (Wright, 2008) , inflation (Koop and Korobilis, 2012) , or which stock market characteristics drive stock returns (Cremers, 2002) .
The purpose of this paper is to evaluate variable selection and model averaging, in the presence of many highly correlated predictors in forecasting regression models. In particular, I consider 183 quarterly macroeconomic predictors for forecasting output and inflation, in a setting similar to the one used by authors such as Watson (1999, 2002) . Such datasets have many variables which are disaggregates of major macroeconomic series, such as employment and industrial production in different production sectors, or the various components of GDP. There can be high correlation within a set of disaggregated series, but also between different sets of series 1 .
Given this particular structure of the data, in this note I examine the properties of the semiparametric variable selection prior proposed by Dunson et al. (2008) which allows for simultaneous selection of important predictors and soft clustering of predictors having similar impact on the variable of interest. This prior is a generalization of the typical "spike and slab" priors used for Bayesian variable selection and model averaging in the statistics literature; see George, Sun and Ni (2008) and Korobilis (2012) for recent applications in economics. In an exercise involving forecasting short-run (up to four quarters) inflation and output with more predictors than observations, I find that the semiparametric variable selection prior improves over the more traditional spike and slab prior, and is superior to principal components analysis for this particular problem.
The paper is structured as follows: Section 2 presents the model; Section 3 describes the dataset and forecasting results; Section 4 concludes.
Methodology

Spike and slab priors for variable selection
The majority of empirical macroeconomic forecasting models involve estimating dynamic regressions of the form
where y t+h is the variable of interest which we want to forecast, y t i+1 are the p own lags of y for i = 1, ..., p, x t is a (K 1) vector of exogenous predictors, and ε t+h is a Gaussian forecast error with zero mean and variance σ 2 . In the remainder of this paper I assume that the intercept and two lags are always included in the forecasting model. For that reason, the regression coefficients θ = (γ, ϕ 1 , ϕ 2 ) as well as the variance σ 2 admit noninformative priors of the form
When K becomes "large", Stock and Watson (2002) suggest to use shrinkage based on replacing x t by its first few principal components, while other authors (Cremers, 2002; Koop and Potter, 2004 ) stress the benefit of selecting the best, according to some criterion, variables/predictors. Among several Bayesian algorithms developed, a popular method for variable selection is the spike and slab prior for the coefficients β, which was formalized by Mitchell and Beauchamp (1988) and is of the form β j πδ 0 (β) + (1 π) N 0, τ 2 ,
where δ a (v) is the Dirac delta function for random variable v which places all probability mass on the point a. Thus, the prior for β j , j = 1, ..., K, is a mixture of a point mass at zero (the spike) and a locally uninformative (depending on how large the value of τ 2 is) Gaussian prior. The probabilities π are random variables updated by the data and they determine whether the prior of β j is restricted to be zero, or whether it comes from the unrestricted Gaussian density with variance τ 2 . As is the case with other popular model selection and averaging priors (for instance the g-prior; see Koop and Potter, 2004) , this prior does not explicitly model the correlation structure in the data when determining which variables are restricted to enter the regression. In fact, in many cases authors orthogonalize their predictors x t in order to speed-up convergence of the posterior sampling algorithm, thus ignoring completely correlations.
Semiparametric spike and slab prior
Given the considerations above, and the structure of the datasets customarily used by macroeconomists, the simple spike and slab prior can be reformulated in order to account for correlations in the data. An interesting extension has been proposed by Dunson et al. (2008) ; see also MacLehose et al. (2007) . In these papers, the coefficients β admit a prior of the form
In this formulation G is a nonparametric density which follows a Dirichlet process with base measure G 0 and concentration parameter α. Usually G 0 is chosen to be a well-known density, for instance the Gaussian, making the prior an infinite mixture of the densities G 0 . Hence, priors like this are "pseudo-nonparametric", since a parametric mixture of distributions is used to approximate the unknown density G. In this case the base measure G 0 is Gaussian with zero mean and variance τ 2 , which is the typical conjugate prior distribution used on linear regression coefficients. Hence, this prior implies that each coefficient β j will either be restricted to 0 with probability π, or with probability (1 π) will come from a mixture of Gaussian densities. Thus, this prior allows for calculation of Bayesian posterior probabilities of the hypothesis H 0j : β j = 0 against H 1j : β j 6 = 0, while clustering the j's for the nonnull predictors. The clustering effect comes as a property of the Dirichlet process: β j 's coming from the same Gaussian mixture component, will share the same mean and variance. As an example, consider coefficients β j , j = 1, ..., 6 which are distributed according to (β 1 , β 3 ) N 0, 10 6 , (β 2 , β 4 ) N (0, 0.1) and (β 5 , β 6 ) δ 0 . In this specific example (β 1 , β 3 ) are clustered together and come from a Gaussian with variance 10 6 , hence the posterior mean/median of these coefficients is close to the value of the LS estimator. The second cluster consists of coefficients (β 2 , β 4 ) which have prior variance 0.1, hence their posterior median will be equivalent to a ridge regression estimator. Finally, (β 5 , β 6 ) are restricted to be zero, so that x 5,t and x 6,t are completely irrelevant for forecasting y t+h . Hence, this example shows that this prior is a hybrid of variable selection (coefficients restricted to be zero) and at the same time shrinkage (coefficients shrunk towards, but not equal to, zero).
For the prior hyperparameters α, π, τ which show up in the hierarchical prior in equations (3)-(5), I define further prior distributions in order to let the data determine their values. These hyperprior distributions are
and the chosen hyperparameters are fairly uninformative. Estimation of the regression coefficients using the prior in equations (3)-(8) is implemented using Markov Chain Monte Carlo methods which are described analytically in the Technical Appendix. After monitoring for convergence, the Gibbs sampler is run for 150,000 iterations after an initial burn-in period of 50,000 iterations.
Empirical Results
Forecast evaluation
I consider short-term forecasts, i.e. h = 1, 2, 3, 4 horizons ahead, of inflation (Consumer Price Index: All Items) and output (Real Gross Domestic Product) using 183 predictors 2 . All data used are quarterly, seasonally adjusted and are observed for the period 1959.Q1-2011.Q2. The Data Appendix contains a full description of all variables and the relevant stationarity transformations used. 50% of the available sample is used as the first estimation period, forecasts are calculated, then one observation is added at the end of the initial sample and estimation and forecasting is repeated. This recursive forecasting procedure is followed until the whole sample is exhausted. Following standard practice, I use the model with no predictors (i.e. an autoregressive model with 2 lags and an intercept, estimated using diffuse priors) as a benchmark model. Additionally, the regression model (1) with the 183 predictors is estimated using the semiparametric variable selection prior (3)-(8), and the traditional spike and slab prior consisting of equations (2), (6) and (8) . Lastly, I provide forecasts from the regression model (1) where the 183 variables in x t are replaced by the first principal component 3 
Additionally denote by e p (y t+h jy t , x t ) the predictive likelihood, i.e. the value of the predictive density p (y t+h jy t , x t ) evaluated at the realized value of y t+h . The out-of-sample statistics for model M j are computed as
For all of the statistics, but the MSE T, higher values indicate better performance of model M j relative to the benchmark AR(2) model. For the MSE-T statistic, the lower the values, the better the performance of model M j relative to M 0 . The Bayesian semiparametric selection and the spike and slab priors provide probabilities of each variable being included in the "true" model. Comparison of these probabilities for each of the 183 variables would be interesting, however it is not implemented here for the sake of brevity. Table 1 shows the values of forecast metrics presented above, coming from the three shrinkage methods, namely the Bayesian semiparametric selection (BSS), the spike and slab (SnS) and the principal component analysis (PCA). The results suggest that semiparametric variable selection does outperform in most instances parametric variable selection in terms of forecast error (R 2 , DMAE, DRMSE, MSE T). When the whole predictive distribution is considered (predictive likelihood, APL) the more parsimonious parametric variable selection is superior. Using the semiparametric prior to account for possible correlations in the data is beneficial when forecasting the mean, however this comes at the cost of having to sample more parameters and hence increasing the variance of the predictive density.
One way to reduce the larger variance of the predictive density is to use more informative priors to sample τ 2 , α and π. Additionally, restrictions could be imposed on the number of mixture components sampled. When using the Dirichlet process an unknown number of mixtures is assumed, leading the algorithm to sample as many as 28 mixture components for the prior in equations (3)-(5), regardless that most of them contain no elements. A simple restriction which will make the 6 variable selection algorithm more efficient is to restrict the maximum number of components that can be sampled.
Although the parametric spike and slab prior does not perform better than the benchmark AR(2) model for CPI inflation, both variable selection algorithms are performing better than the principal component forecasts. It is quite surprising that principal component forecasts are performing so poorly. A potential explanation is that for most of the evaluation period the number of predictors (183) are more than the number of observations (102 initial observations up to 205 final observations), hence the principal component estimates are not consistent estimates of the true factors. Examining this issue is beyond the purpose of this short note. This paper presents a Bayesian prior which allows for shrinkage of coefficients in regressions with many highly correlated predictors, by selecting or restricting coefficients in groups. In a forecasting exercise involving short-term predictions of price inflation and output, this Bayesian algorithm gives considerably better results than a Bayesian prior which does not account for the correlation in exogenous predictors. Additionally, forecasts are superior to a benchmark AR(2) model, and principal component shrinkage.
A Technical Appendix
The model is of the form
with the usual assumptions of normality and heteroskedasticity 4 . Here β is of dimension (K 1) and I make the assumption that all K elements are subject to the semiparametric selection prior. In the empirical section I have also an intercept γ and lag coefficients ϕ which are always unrestricted. These admit noninformative priors as in the main text but I ignore them here, because the posterior for β is quite messy (notationally), so adding also γ and ϕ would make the formulas below more awkward to read. In practice it is straightforward to augment the formulas presented below in order to draw altogether (γ, ϕ, β) from a multivariate normal. I rewrite the priors used in the main passage compactly for convenience. For the regression coefficients β I use a nonparametric multiple shrinkage prior of the form
where in this paper µ = 0. For the error variance σ 2 I use a noninformative inversegamma prior of the form
where the "noninformativeness" comes when ν 1 , ν 2 ! 0. When using Dirichlet process priors it is always helpful to derive the simple stick breaking representation of the coefficient β j conditional on β j (and marginalized over the uncertain nonparametric density G) 5 . This is of the form
where k β is the number of atoms in the above equation (number of mixture components plus the δ β (0) component), and p β n is the number of elements of the vector β which which are equal to δ β l (β), n = 1, 2, ..., k β , where it holds that δ β 1 (β) = δ 0 (β). Additionally, for notational convenience define the prior weights as
Gibbs sampling algorithm for Bayesian clustering and selection:
Given k β number of mixture components, sample θ = θ 1 , ..., θ k β from
Here X 0 π denotes the matrix X with the columns corresponding to coefficients belonging to θ 1 being replaced with zeros (or equivalently, with these columns removed). Hence the remaining columns correspond to unrestricted coefficients which belong to one of the remaining k β 1 mixture components.
Sample β j conditional on β j , data, and other model parameters for j = 1, ..., K from
so that with probability w l we assign β j equal to the atom of mixture component l (i.e. β j = θ l ), while with probability w 0 we assign β j to a new N E β , V β component. In the expression above it holds that
and that
where e y t = y t ∑ j 0 6 =j x t,j 0 β j 0 = y t (x π ) t θ + x j 0 ,t β j 0 for j, j0 = 1, ..., K, (x π ) t is the t-th observation of the matrix X π constructed in step 1, and N (a; b, c) denotes the normal density with mean b and variance c, evaluated at point a.
Introduce an indicator variable S β = l if the coefficient β j belongs to cluster l, where j = 1, ..., K and l = 1, ..., k β , in which case it holds that β j = θ l . In addition, set S β = 0 if β j 6 = θ l , that is when β j does not belong to a preassigned cluster and a new cluster is introduced for this coefficient. Then the conditional posterior of S β is S β j Multinomial 0, 1, ..., k β ; w 0 , w 1 , ..., w k β .
Sample the restriction probability π from the coniditional distribution
Sample the latent variable η from the posterior conditional
Sample the Dirichlet process precision coefficient α from the conditional posterior
where the weight π η is given by
and n S β =1 = 1 if ∑ K j=1 I S β = 1 > 0, and it is 0 otherwise (i.e. when no coefficient β j is restricted).
Sample the variance τ 2 coefficient from the conditional density
A .
B Data Appendix
The dataset is from Robert G. King and Mark W. Watson (2012), "Inflation and Unit Labor Cost", unpublished manuscript, and can be found on the link (as of May 2012): http://www.princeton.edu/~mwatson/ ddisk/ gerz_25_jan_2012.zip. The data series have been downloaded by these authors from St. Louis FRED, and all series span the period 1959.Q1-2011.Q2. All variables are transformed to be approximate stationary. In particular, if z i,t is the original untransformed series, the transformation codes are (column Tcode below): 1 -no transformation (levels), 
